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OUTLINE
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Experiments, counting rules and assigning probabilities
experiments
counting rules, combinations, permutations
assigning probabilities

Events and their probabilities
event
complement event
intersection of two events

addition law
Conditional probability
conditional probability
independent events
multiplication law

Bayes’ theorem
the theorem of Bayes and it’s application
tabular approach
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Experiments
Experiment
Experiment
AAprocess
processthat
thatgenerates
generateswell-defined
well-definedoutcomes
outcomes

Sample
Samplespace
space
The
set
of
The set ofall
allexperimental
experimentaloutcomes.
outcomes.
Sample
Samplepoint
point
An
Anelement
elementofofthe
thesample
samplespace.
space.
AAsample
samplepoint
pointrepresents
representsan
an
experimental
outcome
experimental outcome
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Probability

Probability
Probability
AAnumerical
numericalmeasure
measureof
ofthe
thelikelihood
likelihoodthat
thatan
anevent
eventwill
willoccur.
occur.

Lecture 2. Introduction to probability

4

EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Counting Rules
Multiple-step experiments
Consider the experiment of tossing two coins. Let the experimental outcomes be defined in terms of the
pattern of heads and tails appearing on the upward faces of the two coins. How many experimental
outcomes are possible for this experiment? The experiment of tossing two coins can be thought of as
a two-step experiment in which step 1 is the tossing of the first coin and step 2 is the tossing of the
second coin.

Counting
Countingrule
rulefor
foraamulti-step
multi-stepexperiment
experiment
IfIfan
anexperiment
experimentcan
canbe
bedescribed
describedas
asaasequence
sequenceofofkksteps
stepswith
withnn11possible
possibleoutcomes
outcomes
on
possibleoutcomes
outcomeson
onthe
thesecond
secondstep,
step,and
andso
soon,
on,then
thenthe
thetotal
total
onthe
thefirst
firststep,
step,nn22possible
number
of
experimental
outcomes
is
given
by
n
⋅n
⋅...⋅
n
.
number of experimental outcomes is given by n1 ⋅n2 ⋅...⋅ nk .
1

2

k

How
Howmany
manyoutcomes
outcomescan
canappear
appearafter
after66tossing
tossingofof
aacoin?
coin?
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Counting Rule 1
Tree
Treediagram
diagram
AAgraphical
graphicalrepresentation
representationthat
thathelps
helpsininvisualizing
visualizingaamultiple-step
multiple-stepexperiment.
experiment.

Without
Without the
the tree
tree diagram,
diagram,
one
might
think
only
one might think only three
three
experimental
experimental outcomes
outcomes are
are
possible
possiblefor
fortwo
twotosses
tossesofofaa
coin
coin00heads,
heads,11head,
head,and
and22
heads
heads
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Counting Rule 2
To test the state of
population, let’s select 2
for a routine check-up

Mouse population: 5 mice

How
Howmany
manyvariants
variantsof
ofsuch
suchaa
selection
selectionexits?
exits?

Counting
Countingrule
rulefor
forcombinations
combinations
The
Thenumber
numberofofcombinations
combinationsofofnnobjects
objectstaken
takenfrom
fromNNatataatime
timeis:
is:

N
  = C nN = C Nn =
n
So for mouse selection:

C 25 =

5!
2 ⋅3⋅ 4 ⋅5
=
= 10
2!(5 − 2 )!
2⋅ 2⋅3
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N!
N C n = C ( N , n) =
n!(N − n )!
Let’s consider the lottery “6 from 47”

C647 =

47!
= 10 737 573
6!(47 − 6 )!

images from http://www.biochem.wisc.edu/medialab/clipart.aspx
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Counting Rule 3
To test the state of
population, let’s select 2
for 2 different check-up

Mouse population: 5 mice

How
Howmany
manyvariants
variantsof
ofsuch
suchaa
selection
selectionexits?
exits?

Counting
Countingrule
rulefor
forpermutations
permutations
The
Thenumber
numberofofpermutation
permutationofofnnobjects
objectstaken
takenfrom
fromNNatataatime
timeis:
is:

N!
P =
(N − n )!
N
n

So for mouse selection:

5!
P =
= 20
(5 − 2)!
5
2
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How many triplets we can build from 4
nucleotides without repetition?
4!
P34 =
= 24
(4 − 3)!
images from http://www.biochem.wisc.edu/medialab/clipart.aspx
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Example: KP&L
Kentucky
Kentucky Power
Power && Light
Light Company
Company (KP&L)
(KP&L) isis starting
starting aa project
project designed
designed toto increase
increase the
the generating
generating
capacity
of
one
of
its
plants
in
northern
Kentucky.
The
project
is
divided
into
two
sequential
stages
capacity of one of its plants in northern Kentucky. The project is divided into two sequential stagesoror
steps:
steps:stage
stage11(design)
(design)and
andstage
stage22(construction).
(construction).Even
Eventhough
thougheach
eachstage
stagewill
willbe
bescheduled
scheduledand
and
controlled
as
closely
as
possible,
management
cannot
predict
beforehand
the
exact
time
required
controlled as closely as possible, management cannot predict beforehand the exact time required toto
complete
complete each
each stage
stage ofof the
the project.
project. An
An analysis
analysis ofof similar
similar construction
construction projects
projects revealed
revealed possible
possible
completion
times
for
the
design
stage
of
2,
3,
or
4
months
and
possible
completion
times
completion times for the design stage of 2, 3, or 4 months and possible completion times for
for the
the
construction
stage
of
6,
7,
or
8
months.
In
addition,
because
of
the
critical
need
for
additional
electrical
construction stage of 6, 7, or 8 months. In addition, because of the critical need for additional electrical
power,
power,management
managementset
setaagoal
goalof
of10
10months
monthsfor
forthe
thecompletion
completionofofthe
theentire
entireproject.
project.

Anderson et al Statistics for Business and Economics
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Example: KP&L

The goal is not reached.

We need to assign
probabilities to estimate
the risks!
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Assigning Probabilities
Basic
Basicrequirements
requirementsfor
forassigning
assigningprobabilities
probabilities
Two
Tworequirements
requirementsthat
thatrestrict
restrictthe
themanner
mannerininwhich
whichprobability
probabilityassignments
assignmentscan
canbe
bemade:
made:
1.1.For
each
experimental
outcome
E
,
probability
must
be
0
≤
P(E)
≤
1
For each experimental outcome Ei i , probability must be 0 ≤ P(E) ≤ 1
2.2.Considering
Consideringall
allexperimental
experimentaloutcomes,
outcomes,we
wemust
musthave
have
P(E
P(E2) )++…
…++P(E
P(En) )==11
P(E1) )++P(E
1

2

n

But
Buthow
howto
toassign
assignit?
it?

3 basic methods of
probability assigning:

Classical
Classicalmethod
method
Frequency
Frequencymethod
method
Subjective
Subjectivemethod
method
Theoretical
Theoreticalmethod
method
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Assigning Probabilities
Classical
Classicalmethod
method
AAmethod
methodofofassigning
assigningprobabilities
probabilitiesthat
thatisisappropriate
appropriatewhen
whenall
allthe
the
experimental
outcomes
are
equally
likely.
experimental outcomes are equally likely.
If n experimental outcomes are possible, a probability of 1/n is assigned to
each experimental outcome. When using this approach, the two basic
requirements for assigning probabilities are automatically satisfied.
P(2xH)=
P(2xT)=
P(T+H)=
P(1)=1/6
P(2)=1/6
P(3)=1/6
P(4)=1/6
P(5)=1/6
P(6)=1/6

P(H)=1/2
P(T)=1/2
1/4
1/4
1/4

P(2xH)=1/4
P(2xT)=1/4
P(T+H)=1/2

1/4
Lecture 2. Introduction to probability
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Assigning Probabilities
Relative
Relativefrequency
frequencymethod
method
AAmethod
methodofofassigning
assigningprobabilities
probabilitiesthat
thatisisappropriate
appropriatewhen
whendata
dataare
are
available
availabletotoestimate
estimatethe
theproportion
proportionofofthe
thetime
timethe
theexperimental
experimental
outcome
occurs
if
the
experiment
is
repeated
a
large
outcome occurs if the experiment is repeated a largenumber
numberofoftimes.
times.
Example: A clerk recorded the number of patients waiting for service in the X-ray department
for a local hospital at 9:00 a.m. on 20 successive days, and obtained the following results.
Number
waiting
0
1
2
3
4
Total

Number of
days outcome
occurred
2
5
6
4
3
20
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Number
waiting

Relative
frequency

0
1
2
3
4
Total

0.1
0.25
0.3
0.2
0.15
1
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EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Assigning Probabilities
Subjective
Subjectivemethod
method
AAmethod
methodofofassigning
assigningprobabilities
probabilitieson
onthe
thebasis
basisofofjudgment
judgment
What
Whatisisaaprobability
probabilitytotomeet
meetaadinosaur,
dinosaur,going
goingout
out
from
this
building?
from this building?

Classical
Classicalmethod:
method: 50%
50%
Frequency
Frequencymethod:
method: no
nodata
data
Subjective
Subjectivemethod:
method: no
noway!
way!

Theoretical
Theoreticalmethod
method
AAmethod
of
assigning
method of assigningprobabilities
probabilitieson
onthe
thebasis
basisknowledge
knowledgeofof
probability
probabilitydistribution…
distribution…(to
(tobe
bediscussed
discussedlater)
later)
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14

EXPERIMENTS, COUNTING RULES AND PROBABILITIES
Example: KP&L
Management
Management decided
decided toto conduct
conduct aa study
study ofof the
the completion
completion times
times for
for similar
similar projects
projects
undertaken
undertakenby
byKP&L
KP&Lover
overthe
thepast
pastthree
threeyears.
years.The
Theresults
resultsofofaastudy
studyofof40
40similar
similarprojects
projects
are
summarized
in
Table.
After
reviewing
the
results
of
the
study,
management
decided
are summarized in Table. After reviewing the results of the study, management decidedtoto
employ
employ the
the relative
relative frequency
frequency method
method ofof assigning
assigning probabilities.
probabilities. Management
Management could
could have
have
provided
providedsubjective
subjectiveprobability
probabilityestimates,
estimates,but
butfelt
feltthat
thatthe
thecurrent
currentproject
projectwas
wasquite
quitesimilar
similartoto
the
the40
40previous
previousprojects.
projects.Thus,
Thus,the
therelative
relativefrequency
frequencymethod
methodwas
wasjudged
judgedbest.
best.
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EVENTS AND THEIR PROBABILITIES
Event
Event
Event
AAcollection
collectionofofsample
samplepoints.
points.

Let us denote the event of successful completion as C, so
C={(2, 6), (2, 7), (2, 8), (3, 6), (3, 7), (4, 6)}
Probability
Probabilityof
ofan
anevent
event
The
Theprobability
probabilityofofany
anyevent
eventisisequal
equaltotothe
thesum
sumofof
the
theprobabilities
probabilitiesofofthe
thesample
samplepoints
pointsininthe
theevent.
event.
Lecture 2. Introduction to probability

P(C) = 0.7
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EVENTS AND THEIR PROBABILITIES
Complement Event
Complement
Complementof
ofevent
eventAA
The
Theevent
eventconsisting
consistingofofall
allsample
samplepoints
pointsthat
thatare
arenot
notininA.
A.

P( A) + P( AC ) = 1

Venn
Venndiagram
diagram
AAgraphical
graphicalrepresentation
representationfor
forshowing
showingsymbolically
symbolicallythe
thesample
samplespace
spaceand
andoperations
operations
involving
involvingevents.
events.Usually
Usuallythe
thesample
samplespace
spaceisisrepresented
representedby
byaarectangle
rectangleand
andevents
events
are
represented
as
circles
within
the
sample
space.
are represented as circles within the sample space.

if P(C) = 0.7
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EVENTS AND THEIR PROBABILITIES
Union, Intersection and Addition Law for Two Events

Union
Unionof
ofAAand
andВВ
The
Theevent
eventcontaining
containingall
allsample
sample
points
belonging
to
A
or
В
points belonging to A or Вor
orboth.
both.
The
Theunion
unionisisdenoted
denotedAA∪∪B.
B.

Intersection
Intersectionof
ofAAand
andВВ
The
Theevent
eventcontaining
containingthe
thesample
sample
points
belonging
to
both
A
points belonging to both Aand
andB.
B.
The
Theintersection
intersectionisisdenoted
denotedАА∩∩B.
B.

Addition
AdditionLaw
Law
The
Theevent
eventcontaining
containingthe
thesample
sample
points
belonging
to
both
A
points belonging to both Aand
andB.
B.
The
Theintersection
intersectionisisdenoted
denotedАА∩∩B.
B.
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P( A ∪ B) = P( A) + P( B) − P( A ∩ B)
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EVENTS AND THEIR PROBABILITIES
Practical Example
Consider
Consideraastudy
studyconducted
conductedby
bythe
thepersonnel
personnelmanager
managerof
ofaabig
bigcomputer
computersoftware
software
company.
company. The
The study
study showed
showed that
that 30%
30% of
of the
the employees
employees who
who left
left the
the firm
firm within
within
two
two years
years did
did so
so primarily
primarily because
because they
they were
were dissatisfied
dissatisfied with
with their
their salary,
salary,
20%
20% left
left because
because they
they were
were dissatisfied
dissatisfied with
with their
their work
work assignments,
assignments, and
and
12%
12% of
of the
the former
former employees
employees indicated
indicated dissatisfaction
dissatisfaction with
with both
both their
their salary
salary
and
and their
their work
work assignments.
assignments. What
What isis the
the probability
probability that
that an
an employee
employee who
who
leaves
leaves within
within two
two years
years does
does so
so because
because of
of dissatisfaction
dissatisfaction with
with salary,
salary,
dissatisfaction
dissatisfactionwith
withthe
thework
workassignment,
assignment,or
orboth?
both?
Let
Let

SS==the
theevent
eventthat
thatthe
theemployee
employeeleaves
leavesbecause
becauseofofsalary
salary
W
=
the
event
that
the
employee
leaves
because
of
work
W = the event that the employee leaves because of workassignment
assignment

We
Wehave
haveP(S)
P(S)==0.30,
0.30,P(W)
P(W)==0.20,
0.20,and
andP(S
P(S∩∩W)
W)==0.12.
0.12.Using
Usingequation
equationfor
for
the
addition
law,
we
have
the addition law, we have
P(S
P(S∪∪W)
W)==P(S)
P(S)++P(W)
P(W)––P(S
P(S∩∩W)
W)==0.30
0.30++0.20
0.20––0.12
0.12==0.38
0.38

Anderson et al Statistics for Business and Economics
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EVENTS AND THEIR PROBABILITIES
Mutual Exclusive Events
Mutually
Mutuallyexclusive
exclusiveevents
events
Events
Eventsthat
thathave
haveno
nosample
samplepoints
points
inincommon;
common;that
thatis,
is,АА∩∩ВВisisempty
empty
∩
B)
=
0.
and
P(A
and P(A ∩ B) = 0.

Addition
AdditionLaw
Lawfor
formutually
mutuallyexclusive
exclusiveevents
events

P( A ∪ B) = P( A) + P( B)

What
Whatisisthe
theprobability
probabilitythat
thataadie
dieshows
shows
55or
or66??
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CONDITIONAL PROBABILITY
Conditional Probability
Conditional
Conditionalprobability
probability
The
probability
The probabilityofofan
anevent
eventgiven
giventhat
thatanother
another
event
eventalready
alreadyoc-curred.
oc-curred.The
Theconditional
conditional
probability
probabilityofofAAgiven
givenВВisisdenoted
denotedP(A
P(A| |B)
B)

P( A | B) =

P( A ∩ B)
P( B)

P( A ∩ B)
P ( B | A) =
P ( A)

Example:
Example:
Let's
Let'sconsider
considerthe
thesituation
situationofofthe
thepromotion
promotionstatus
statusofofmale
maleand
andfemale
femaleofficers
officersofofaamajor
major
metropolitan
metropolitanpolice
policeforce
forceininthe
theeastern
easternUnited
UnitedStates.
States.The
Thepolice
policeforce
forceconsists
consistsofof1200
1200
officers,
960
men
and
240
women.
Over
the
past
two
years,
324
officers
on
the
police
officers, 960 men and 240 women. Over the past two years, 324 officers on the police
force
forcereceived
receivedpromotions.
promotions.The
Thespecific
specificbreakdown
breakdownofofpromotions
promotionsfor
formale
maleand
andfemale
female
officers
officersisisshown
shownininTable.
Table.

Female
Femaleassociation
associationraised
raisedaadiscrimination
discriminationcase
case! !
Lecture 2. Introduction to probability
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CONDITIONAL PROBABILITY
Example: Police

Joint probability table

Lecture 2. Introduction to probability
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CONDITIONAL PROBABILITY
Example: Police

What
Whatconclusion
conclusioncan
canyou
youmake,
make,seeing
seeingthis
thisresult?
result?
Only
Onlythat
thataarandomly
randomlytaken
takenman
manwill
willbe
bepromoted
promotedwith
withx2
x2
higher
probability
than
a
randomly
selected
woman.
higher probability than a randomly selected woman.
NO
NOCONCLUSION
CONCLUSIONCAN
CANBE
BEMADE
MADECONCERNING
CONCERNINGTHE
THE
DISCRIMINATION
!!!
DISCRIMINATION !!!
Lecture 2. Introduction to probability
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CONDITIONAL PROBABILITY
Independent Events
Multiplication
Multiplicationlaw
law
AAprobability
probabilitylaw
lawused
usedtotocompute
computethe
the
probability
probabilityofofthe
theintersection
intersectionofoftwo
twoevents.
events.

P( A ∩ B) = P( B) P( A | B)

Independent
Independentevents
events
Two
Twoevents
eventsAAand
andВВthat
thathave
haveno
noinfluence
influenceon
on
each
eachother.
other.

P ( A | B ) = P ( A)

P ( A ∩ B ) = P ( A) P ( B | A)

P ( B | A) = P ( B )

P ( A ∩ B ) = P ( A) P ( B )
P(fail) = 0.2

P(success) = 0.8
Lecture 2. Introduction to probability

What
Whatisisthe
theprobability
probability
ofofeach
eachoutcome?
outcome?
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BAYES’ THEOREM
The Theorem of Bayes
Prior
Priorprobabilities
probabilities
Initial
Initialestimates
estimatesofofthe
theprobabilities
probabilitiesofofevents.
events.

Bayes’
Bayes’theorem
theorem
AAmethod
methodused
usedtotocompute
compute
posterior
posteriorprobabilities.
probabilities.

Posterior
Posteriorprobabilities
probabilities
Revised
probabilities
Revised probabilitiesofofevents
eventsbased
basedon
on
additional
additionalinformation
information

P( A | B) =

P( A ∩ B) P( A) ⋅ P( B | A)
=
P( B)
P( B)

P( Ai ∩ B)
P( Ai | B) =
P( A1 ∩ B) + P( A2 ∩ B) + L + P( An ∩ B)

P( Ai | B) =

P( Ai ) P( B | Ai )
P( A1 ) P( B | A1 ) + P( A2 ) P( B | A2 ) + L + P( An ) P( B | An )

Lecture 2. Introduction to probability
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BAYES’ THEOREM
Example: Bayes’ Theorem
Medical
Medicalresearchers
researchersknow
knowthat
thatthe
theprobability
probabilityofofgetting
gettinglung
lungcancer
cancerififaaperson
personsmokes
smokesisis
0.34.
0.34.The
Theprobability
probabilitythat
thataanon-smoker
non-smokerwill
willget
getlung
lungcancer
cancerisis0.03.
0.03. ItItisisalso
alsoknown
knownthat
that
11%
of
the
population
smokes.
What
is
the
probability
that
a
person
with
lung
cancer
will
11% of the population smokes. What is the probability that a person with lung cancer will
have
havebeen
beenaasmoker?
smoker?

POPULATION

Smokers
11%

Non-Smokers
89%

No cancer
97%

Cancer
3%

Lecture 2. Introduction to probability

Cancer
34%

No cancer
66%
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CONDITIONAL PROBABILITY
Example: Bayes’ Theorem
Medical
Medicalresearchers
researchersknow
knowthat
thatthe
theprobability
probabilityofofgetting
getting lung
lungcancer
cancer ififaaperson
personsmokes
smokesisis0.34.
0.34. The
The
probability
that
a
non-smoker
will
get
lung
cancer
is
0.03.
It
is
also
known
that
11%
of
the
population
probability that a non-smoker will get lung cancer is 0.03. It is also known that 11% of the population
smokes.
smokes.What
Whatisisthe
theprobability
probabilitythat
thataaperson
personwith
withlung
lungcancer
cancerwill
willhave
havebeen
beenaasmoker?
smoker?

Let’s define events:
As – smoker
An – non-smoker
C – get a lung cancer
N – no cancer
P( A | B ) =

P( A ∩ B )
P( B)

P( As | C ) =

P(As) = 0.11
P(C | As) = 0.34
P(C | An) = 0.03

P( As ∩ C )
P(C )

P ( Ai ∩ C ) = P ( Ai ) P (C | Ai )

P ( A ∪ B ) = P ( A) + P( B )

P (C ) = P ( As ∩ C ) + P( Bs ∩ C )

Lecture 2. Introduction to probability

An
0.89

P(As | C) – ?

P ( A ∩ B ) = P ( A) P ( B | A)

P(C) = P(An ∩C) + P(As ∩C) =0.0641

Population
(100 %)
As
0.11

An∩C
..×0.03=0.0267

As∩C
..×0.34=0.0374

An∩N
..×0.97=0.8633

As∩N
..×0.66=0.0726

P( As | C ) =

0.0374
≈ 0.58
0.0641
27

CONDITIONAL PROBABILITY
Example: Bayes’ Theorem and Tabular Approach
Medical
Medicalresearchers
researchersknow
knowthat
thatthe
theprobability
probabilityofofgetting
gettinglung
lungcancer
cancerififaaperson
personsmokes
smokesisis
0.34.
0.34.The
Theprobability
probabilitythat
thataanon-smoker
non-smokerwill
willget
getlung
lungcancer
cancerisis0.03.
0.03. ItItisisalso
alsoknown
knownthat
that
11%
11%ofofthe
thepopulation
populationsmokes.
smokes.What
Whatisisthe
theprobability
probabilitythat
thataaperson
personwith
withlung
lungcancer
cancerwill
will
have
been
a
smoker?
have been a smoker?
Let’s define events:
As – smoker
An – non-smoker
C – get a lung cancer

P(As) = 0.11
P(C|As) = 0.34
P(C|An) = 0.03

P ( A ∩ B ) = P ( A) P ( B | A)

P( A | B ) =

P( A ∩ B )
P( B)

P(As|C) – ?

Lecture 2. Introduction to probability
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QUESTIONS ?

Thank you for your
attention
to be continued…
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