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Correction for Multiple ComparisonsCorrection for Multiple Comparisons
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all_data.xls 
PleasePlease downloaddownload thethe datadata fromfrom
eduedu..sablabsablab..net/data/xlsnet/data/xls



MULTIPLE EXPERIMENTS

Correct Results and Errors 

False False NNegative,egative,
ββββββββ errorerror

False False PPositive,ositive,
αααααααα errorerror
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αααααααα errorerror

Probability of an error in a multiple test: Probability of an error in a multiple test: 

11––(0.95)(0.95)number of comparisonsnumber of comparisons



MULTIPLE EXPERIMENTS

False Discovery Rate

False discovery rate (FDR)False discovery rate (FDR)
FDR control is a statistical method used in multiple hypothesis testing to correct for multiple FDR control is a statistical method used in multiple hypothesis testing to correct for multiple 
comparisons. In a list of rejected hypotheses, FDR controls the expected proportion of comparisons. In a list of rejected hypotheses, FDR controls the expected proportion of 
incorrectly rejected null hypotheses (type I errors).incorrectly rejected null hypotheses (type I errors).
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MULTIPLE EXPERIMENTS

False Discovery Rate

Assume we need to perform Assume we need to perform k k = 100 comparisons, = 100 comparisons, 
and select maximum and select maximum FDR = FDR = αα = 0.05= 0.05
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MULTIPLE EXPERIMENTS

False Discovery Rate

Assume we need to perform Assume we need to perform k k = 100 comparisons, = 100 comparisons, 
and select maximum and select maximum FDR = FDR = αα = 0.05= 0.05 
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MULTIPLE EXPERIMENTS

Example: Acute Lymphoblastic Leukemia

all_data.xls
AcuteAcute lymphoblasticlymphoblastic leukemialeukemia (ALL),(ALL), isis aa formform
ofof leukemia,leukemia, oror cancercancer ofof thethe whitewhite bloodblood cellscells
characterizedcharacterized byby excessexcess lymphoblastslymphoblasts..

all_dataall_data ..xlsxls containscontains thethe resultsresults ofof fullfull--trancripttrancript profilingprofiling forfor ALLALL patientspatientsall_dataall_data ..xlsxls containscontains thethe resultsresults ofof fullfull--trancripttrancript profilingprofiling forfor ALLALL patientspatients
andand healthyhealthy donorsdonors usingusing AffymetrixAffymetrix microarraysmicroarrays.. TheThe datadata werewere
downloadeddownloaded fromfrom ArrayExpressArrayExpress repositoryrepository andand normalizednormalized.. TheThe
expressionexpression valuesvalues inin thethe tabletable areare inin loglog22 scalescale..

Let us analyze these data:

Calculate log-ratio (logFC) for each gene

Calculate the p-value based on t-test for each gene

Perform the FDR-based adjustment of the p-value. 
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Perform the FDR-based adjustment of the p-value. 

Calculate the number of up and down regulated genes with FDR<0.01

How would you take into account logFC?

ExampleExample scorescore::



MULTIPLE EXPERIMENTS
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look for  "tetraspanin 7" + leukemia   in google ☺
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look for  "tetraspanin 7" + leukemia   in google ☺

ResultsResults areare nevernever perfectperfect……



Empirical Interval Estimation Empirical Interval Estimation 
for Random Functionsfor Random Functions
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INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Sum and Square of Normal Variables

Distribution of sum or difference of 2 normal Distribution of sum or difference of 2 normal 
random variablesrandom variables
The sum/difference of 2 (or more) normal random The sum/difference of 2 (or more) normal random 
variables is a normal random variable with variables is a normal random variable with mean mean 
equal to sum/differenceequal to sum/difference of the means and of the means and variance variance 

[ ] [ ] [ ]yExEyxE

ondistributiNormalyx

±=±

→±

equal to sum/differenceequal to sum/difference of the means and of the means and variance variance 
equal to equal to SUMSUM of the variances of the compounds.of the variances of the compounds.

Distribution of sum of squares on Distribution of sum of squares on kk standard standard 
normal random variablesnormal random variables
The sum of squares of The sum of squares of k k standardstandard normal random normal random 
variables is a variables is a χχ22 with with kk degree of freedomdegree of freedom..
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What to do in more complex situations? What to do in more complex situations? 

?→
y

x
?→x ( ) ?log →x



INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Terrifying Theory

Try to solve analytically?Try to solve analytically? Simplest case. E[x] = E[y] = 0Simplest case. E[x] = E[y] = 0
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INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Practical Approach

Two rates where measured for a PCR experiment: Two rates where measured for a PCR experiment: 
experimental value (X) and control (Y). 5 replicates experimental value (X) and control (Y). 5 replicates 
where performed for each.where performed for each.

From previous experience we know that the error From previous experience we know that the error 

# Experiment Control
1 215 83
2 253 75
3 198 62

# Experiment Control
1 215 83
2 253 75
3 198 62From previous experience we know that the error From previous experience we know that the error 

between replicates is normally distributed.between replicates is normally distributed.

Q1:Q1: provide an interval estimation for the fold provide an interval estimation for the fold 
change X/Y (change X/Y (αα=0.05=0.05))

Q2:Q2: provide an interval estimation for the log fold provide an interval estimation for the log fold 
change logchange log22(X/Y)(X/Y)

4 225 91
5 240 70
4 225 91
5 240 70

Mean 226.2 76.2
StDev 21.39 11.26
Mean 226.2 76.2
StDev 21.39 11.26
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Let us use a Let us use a numerical simulation…numerical simulation…



INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Practical Approach

1.1. Generate 2 sets of 65536 normal random variable with Generate 2 sets of 65536 normal random variable with 
means and standard deviations corresponding to ones of means and standard deviations corresponding to ones of 
experimental and control set.experimental and control set.

Mean 226.2 76.2
StDev 21.39 11.26
Mean 226.2 76.2
StDev 21.39 11.26

In Excel go: Tools →→→→ Data Analysis:

Random Number Generation

If you do not have  Data Analysis tool If you do not have  Data Analysis tool ––
approximate normal distribution by sum of approximate normal distribution by sum of 
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uniform:uniform:

= RAND() ←←←← U(x)



INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Practical Approach

1.1. Generate 2 sets of 65536 normal random variable Generate 2 sets of 65536 normal random variable 
with means and standard deviations corresponding to with means and standard deviations corresponding to 
ones of experimental and control set.ones of experimental and control set.

Mean 226.2 76.2
StDev 21.39 11.26
Mean 226.2 76.2
StDev 21.39 11.26

sim.m 226.088799 76.2823
sim.s 21.379652 11.2885

2.2. Build the target function. For Q1 build X/YBuild the target function. For Q1 build X/Y

3.3. Study the target function. Calculate summary, build histogram. Study the target function. Calculate summary, build histogram. 

X/Y.m 3.03289298
X/Y.s 0.566865
min -8.14098141
max 7.72162205

X/Y.m 3.03289298
X/Y.s 0.566865
min -8.14098141
max 7.72162205

12000

14000

4.4. If you would like to have 95% interval, If you would like to have 95% interval, 
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4.4. If you would like to have 95% interval, If you would like to have 95% interval, 
calculate 2.5% and 97.5% percentiles. calculate 2.5% and 97.5% percentiles. 

In Excel use function

=PERCENTILE(data,0.025)

X/Y ∈ [ 2.13,  4.33 ] 



INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Practical Approach

What was a “mistake” in What was a “mistake” in 
the previous case?the previous case?

There we spoke about There we spoke about prediction intervalprediction interval of X/Y. Now let’s produce the of X/Y. Now let’s produce the 
interval estimation for mean X/Yinterval estimation for mean X/Y

Mean 226.2 76.2
StDev 9.57 5.03
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12000

6000

8000

10000

12000

X/Y.m 2.98047943
X/Y.s 0.23616818
min 2.01556098
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INTERVAL ESTIMATIONS FOR RANDOM FUNCTIONS

Practical Approach

Q2:Q2: provide an interval estimation for the log fold change log2(X/Y)provide an interval estimation for the log fold change log2(X/Y)

12000

E[log(X/Y)] ∈ [ 1.35,  1.80 ] 

0

2000

4000

6000

8000

10000

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1

Mean 1.571052
Standard Deviation0.113705
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1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1

Simulation Normal
2.50% 1.3546 1.3482

97.50% 1.7998 1.7939



Goodness of Fit and Goodness of Fit and 
Independence Independence 
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TEST OF GOODNESS OF FIT

Multinomial Population

Multinomial population 
A population in which each element is assigned to one and only one of several categories. The 
multinomial distribution extends the binomial distribution from two to three or more outcomes.

The proportions for 3 “classes” of patients 
with and without treatment are:

The proportions for 3 The proportions for 3 ““classesclasses”” of patients of patients 
with and without treatment are:with and without treatment are:

The proportions for 3 “classes” of patients 
with and without treatment are:

The proportions for 3 The proportions for 3 ““classesclasses”” of patients of patients 
with and without treatment are:with and without treatment are:

TheThe newnew treatmenttreatment forfor aa diseasedisease isis testedtested onon 200200 patientspatients..
TheThe outcomesoutcomes areare classifiedclassified asas::

AA –– patientpatient isis completelycompletely treatedtreated
BB –– diseasedisease transformstransforms intointo aa chronicchronic formform
CC –– treatmenttreatment isis unsuccessfulunsuccessful ��

InIn parallelparallel thethe 100100 patientspatients treatedtreated withwith standardstandard methodsmethods
areare observedobserved

Contingency table = Crosstabulation
Contingency tables or crosstabulations 
are used to record, summarize and 
analyze the relationship between two 
or more categorical (usually) variables.
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with and without treatment are:

Experimental                   Control

ne=200                           nc=100 

Are the proportions significantly different
in control and experimental groups? 

with and without treatment are:with and without treatment are:

Experimental                   ControlExperimental                   Control

nnee=200                           =200                           nncc=100 =100 

Are the proportions Are the proportions significantly differentsignificantly different
in control and experimental groups? in control and experimental groups? 

21%

32%

47%

21%

32%

47%
38%

34%

28%
38%

34%

28%

with and without treatment are:

Experimental                   Control

ne=200                           nc=100 

Are the proportions significantly different
in control and experimental groups? 

with and without treatment are:with and without treatment are:

Experimental                   ControlExperimental                   Control

nnee=200                           =200                           nncc=100 =100 

Are the proportions Are the proportions significantly differentsignificantly different
in control and experimental groups? in control and experimental groups? 

21%

32%

47%

21%

32%

47%
38%

34%

28%
38%

34%

28%

Category Experimental Control
A 94 38
B 42 28
C 64 34

Sum 200 100



TEST OF GOODNESS OF FIT

Goodness of Fit

The proportions for 3 “classes” of patients 
with and without treatment are:

Experimental                   Control

The proportions for 3 The proportions for 3 ““classesclasses”” of patients of patients 
with and without treatment are:with and without treatment are:

Experimental                   ControlExperimental                   Control

21%

47%

21%

47%
38%

28%
38%

28%

The proportions for 3 “classes” of patients 
with and without treatment are:

Experimental                   Control

The proportions for 3 The proportions for 3 ““classesclasses”” of patients of patients 
with and without treatment are:with and without treatment are:

Experimental                   ControlExperimental                   Control

21%

47%

21%

47%
38%

28%
38%

28%

Goodness of fit test 
A statistical test conducted to determine whether to reject 
a hypothesized probability distribution for a population.

Model − our assumption concerning the 

ne=200                           nc=100 

Are the proportions significantly different
in control and experimental groups? 

nnee=200                           =200                           nncc=100 =100 

Are the proportions Are the proportions significantly differentsignificantly different
in control and experimental groups? in control and experimental groups? 

32%

47%

32%

47%
38%

34%

38%

34%

ne=200                           nc=100 

Are the proportions significantly different
in control and experimental groups? 

nnee=200                           =200                           nncc=100 =100 

Are the proportions Are the proportions significantly differentsignificantly different
in control and experimental groups? in control and experimental groups? 

32%

47%

32%

47%
38%

34%

38%

34%

Model − our assumption concerning the 
distribution, which we would like to test.

Observed frequency − frequency distribution 
for experimentally observed data, fi

Expected frequency − frequency distribution, 
which we would expect from our model , ei

( )
∑

−k ef 2

Test statistics for 
goodness of fit
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χχχχχχχχ22 hashas kk−−−−−−−−11 degreedegree ofof freedomfreedom

HypothesesHypotheses forfor thethe testtest::

HH00:: thethe populationpopulation followsfollows aa multinomialmultinomial distributiondistribution
withwith thethe probabilities,probabilities, specifiedspecified byby modelmodel

HHaa:: thethe populationpopulation doesdoes notnot followfollow …… modelmodel
At least 5 expected must 

be in each category!



TEST OF GOODNESS OF FIT

Example

TheThe newnew treatmenttreatment forfor aa diseasedisease isis testedtested onon 200200 patientspatients..
TheThe outcomesoutcomes areare classifiedclassified asas::

AA –– patientpatient isis completelycompletely treatedtreated
BB –– diseasedisease transformstransforms intointo aa chronicchronic formform
CC –– treatmenttreatment isis unsuccessfulunsuccessful ��

Category Experimental Control
A 94 38
B 42 28
C 64 34

Sum 200 100CC –– treatmenttreatment isis unsuccessfulunsuccessful ��

InIn parallelparallel thethe 100100 patientspatients treatedtreated withwith standardstandard methodsmethods
areare observedobserved

1.1. Select the model and calculate expected Select the model and calculate expected 
frequenciesfrequencies

Let’s use control group (classical Let’s use control group (classical 
treatment) as a model, then:treatment) as a model, then:

3.3. Calculate Calculate 
pp--value for value for χχ22 with with 

22.. CompareCompare expectedexpected frequenciesfrequencies withwith
thethe experimentalexperimental onesones andand buildbuild χχ22

( )
∑

=

−=
k

i i

ii

e

ef

1

2
2χ

Category
Control 

frequencies
Model for 

control
Expected 
freq., e

Experimental 
freq., f Category (f-e)2/e

Sum 200 100
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pp--value for value for χχ with with 
d.f. = d.f. = kk−−11

= CHIDIST(χ2,d.f.)

= CHITEST(f,e) p-value = 0.018, reject H 0

Category
frequencies control freq., e

A 38 0.38 76
B 28 0.28 56
C 34 0.34 68

Sum 100 1 200

freq., f
94
42
64
200

Category (f-e)2/e

A 4.263
B 3.500
C 0.235

Chi2 7.998



TEST OF INDEPENDENCE

Goodness of Fit for Independence Test: Example

Alber'sAlber's BreweryBrewery manufacturesmanufactures andand distributesdistributes threethree typestypes ofof beerbeer:: whitewhite ,, regularregular ,, andand
darkdark .. InIn anan analysisanalysis ofof thethe marketmarket segmentssegments forfor thethe threethree beers,beers, thethe firm'sfirm's marketmarket
researchresearch groupgroup raisedraised thethe questionquestion ofof whetherwhether preferencespreferences forfor thethe threethree beersbeers differdiffer
amongamong malemale andand femalefemale beerbeer drinkersdrinkers.. IfIf beerbeer preferencepreference isis independentindependent ofof thethe gendergender
ofof thethe beerbeer drinker,drinker, oneone advertisingadvertising campaigncampaign willwill bebe initiatedinitiated forfor allall ofof Alber'sAlber's beersbeers..ofof thethe beerbeer drinker,drinker, oneone advertisingadvertising campaigncampaign willwill bebe initiatedinitiated forfor allall ofof Alber'sAlber's beersbeers..
However,However, ifif beerbeer preferencepreference dependsdepends onon thethe gendergender ofof thethe beerbeer drinker,drinker, thethe firmfirm willwill tailortailor
itsits promotionspromotions toto differentdifferent targettarget marketsmarkets..

HH00:: BeerBeer preferencepreference isis independentindependent ofof
thethe gendergender ofof thethe beerbeer drinkerdrinker

HHaa:: BeerBeer preferencepreference isis notnot independentindependent
ofof thethe gendergender ofof thethe beerbeer drinkerdrinker

beer.xls 
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sex\beer White Regular Dark Total
Male 20 40 20 80
Female 30 30 10 70
Total 50 70 30 150

sex\beer White Regular Dark Total
Male 20 40 20 80
Female 30 30 10 70
Total 50 70 30 150



TEST OF INDEPENDENCE

Goodness of Fit for Independence Test: Example

sex\beer White Regular Dark Total
Male 20 40 20 80
Female 30 30 10 70
Total 50 70 30 150

sex\beer White Regular Dark Total
Male 20 40 20 80
Female 30 30 10 70
Total 50 70 30 150

1.1. Build model Build model 
assuming assuming 

independenceindependence

White Regular Dark Total
Model 0.3333 0.4667 0.2000 1

White Regular Dark Total
Model 0.3333 0.4667 0.2000 1

2.2. Transfer the model into expected frequencies, multiplying model value by number in groupTransfer the model into expected frequencies, multiplying model value by number in group

sex\beer White Regular Dark Total
Male 26.67 37.33 16.00 80
Female 23.33 32.67 14.00 70
Total 50 70 30 150

sex\beer White Regular Dark Total
Male 26.67 37.33 16.00 80
Female 23.33 32.67 14.00 70
Total 50 70 30 150

( )( )
SizeSample

TotaljColumnTotaliRow
eij =
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3.3. Build Build χχ22 statisticsstatistics

χχ22 distribution with distribution with 
d.f.=(d.f.=(nn −− 1)(1)(mm −− 1), 1), 
provided that the expected provided that the expected 
frequencies are 5 or more frequencies are 5 or more 
for all categories.for all categories.χχ22 =6.122=6.122

4.4. Calculate pCalculate p--valuevalue

p-value = 0.047, reject H 0



TEST FOR CONTINUOUS DISTRIBUTIONS

Test for Normality: Example

ChemlineChemline hireshires approximatelyapproximately 400400 newnew employeesemployees annuallyannually forfor itsits fourfour plantsplants.. TheThe
personnelpersonnel directordirector asksasks whetherwhether aa normalnormal distributiondistribution appliesapplies forfor thethe populationpopulation ofof
aptitudeaptitude testtest scoresscores.. IfIf suchsuch aa distributiondistribution cancan bebe used,used, thethe distributiondistribution wouldwould bebe helpfulhelpful
inin evaluatingevaluating specificspecific testtest scoresscores;; thatthat is,is, scoresscores inin thethe upperupper 2020%%,, lowerlower 4040%%,, andand soso on,on,
couldcould bebe identifiedidentified quicklyquickly.. Hence,Hence, wewe wantwant toto testtest thethe nullnull hypothesishypothesis thatthat thethe populationpopulationcouldcould bebe identifiedidentified quicklyquickly.. Hence,Hence, wewe wantwant toto testtest thethe nullnull hypothesishypothesis thatthat thethe populationpopulation
ofof testtest scoresscores hashas aa normalnormal distributiondistribution.. TheThe studystudy willwill bebe basedbased onon 5050 resultsresults..

Aptitude test scores
71 86 56 61 65
60 63 76 69 56
55 79 56 74 93

Aptitude test scores
71 86 56 61 65
60 63 76 69 56
55 79 56 74 93

chemline.xls Mean 68.42
Standard Deviation 10.4141
Sample Variance 108.4527
Count 50

Mean 68.42
Standard Deviation 10.4141
Sample Variance 108.4527
Count 50
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55 79 56 74 93
82 80 90 80 73
85 62 64 54 54
65 54 63 73 58
77 56 65 76 64
61 84 70 53 79
79 61 62 61 65
66 70 68 76 71

55 79 56 74 93
82 80 90 80 73
85 62 64 54 54
65 54 63 73 58
77 56 65 76 64
61 84 70 53 79
79 61 62 61 65
66 70 68 76 71

HH00:: TheThe populationpopulation ofof testtest scoresscores hashas aa normalnormal distributiondistribution
withwith meanmean 6868..4242 andand standardstandard deviationdeviation 1010..4141

HHaa:: thethe populationpopulation doesdoes notnot havehave aa mentionedmentioned distributiondistribution



TEST FOR CONTINUOUS DISTRIBUTIONS

Test for Normality: Example

chemline.xls 

Mean 68.42
Standard Deviation 10.4141
Mean 68.42
Standard Deviation 10.4141Standard Deviation 10.4141
Sample Variance 108.4527
Count 50

Standard Deviation 10.4141
Sample Variance 108.4527
Count 50

Bin
Observed 
frequency

Expected 
frequency

55.1 5 5
59.68 5 5
63.01 9 5
65.82 6 5

Bin
Observed 
frequency

Expected 
frequency

55.1 5 5
59.68 5 5
63.01 9 5
65.82 6 5 ( )

∑
−k ef 2 χχχχχχχχ22 distribution with d.f.= distribution with d.f.= nn −−−−−−−− pp −−−−−−−− 1,1,
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65.82 6 5
68.42 2 5
71.02 5 5
73.83 2 5
77.16 5 5
81.74 5 5
More 6 5
Total 50 50

65.82 6 5
68.42 2 5
71.02 5 5
73.83 2 5
77.16 5 5
81.74 5 5
More 6 5
Total 50 50

( )
∑

=

−=
k

i i

ii

e

ef

1

2
2χ where where pp –– number of estimated number of estimated 

parametersparameters

pp = 2  includes mean and variance= 2  includes mean and variance
d.f. = 10 d.f. = 10 −− 2 2 −− 11
χχχχχχχχ2 2 = 7.2= 7.2

p-value = 0.41, 
cannot reject H 0



Thank you for your 

QUESTIONS ?

Thank you for your 
attention
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