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HYPOTHESESHYPOTHESES

Null and Alternative HypothesesNull and Alternative Hypotheses

HereHere wewe continuecontinue thethe discussiondiscussion ofof statisticalstatistical inferenceinference byby showingshowing howhow hypothesishypothesis testingtesting cancan
bebe usedused toto determinedetermine whetherwhether aa statementstatement aboutabout thethe valuevalue ofof aa populationpopulation parameterparameter shouldshould oror
shouldshould notnot bebe rejectedrejected..

InIn hypothesishypothesis testingtesting wewe beginbegin byby makingmaking aa tentativetentative assumptionassumption aboutabout aa populationpopulation parameter,parameter,
ii..ee.. byby formulationformulation ofof aa nullnull hypothesishypothesis..

Null hypothesisNull hypothesis
The hypothesis tentatively assumed true in the hypothesis testing procedure, The hypothesis tentatively assumed true in the hypothesis testing procedure, HH00

Alternative hypothesisAlternative hypothesis
The hypothesis concluded to be true if the null hypothesis is rejected, The hypothesis concluded to be true if the null hypothesis is rejected, HHaa

ii..ee.. byby formulationformulation ofof aa nullnull hypothesishypothesis..

HH :: µµ ≤≤ constconst HH :: µµ ≥≥ constconst HH :: µµ == constconst
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HH00:: µµ ≤≤ constconst

HHaa:: µµ >> constconst

HH00:: µµ ≥≥ constconst

HHaa:: µµ << constconst

HH00:: µµ == constconst

HHaa:: µµ ≠≠ constconst

HH00:: µµ11 ≤≤ µµ22

HHaa:: µµ11 >> µµ22

HH00:: µµ11 ≥≥ µµ22

HHaa:: µµ11 << µµ22

HH00:: µµ11 == µµ22

HHaa:: µµ11 ≠≠ µµ22



HYPOTHESESHYPOTHESES

Type I ErrorType I Error

Type I errorType I error
The error of rejecting The error of rejecting HH00 when it is true.when it is true.

Type II errorType II error
The error of accepting The error of accepting HH00 when it is false.when it is false.

Level of significanceLevel of significance

False False NNegative,egative,
ββββββββ errorerror

poorpoor sensitivitysensitivity
Level of significanceLevel of significance
The probability of making a Type I error when The probability of making a Type I error when 
the null hypothesis is true as an equalitythe null hypothesis is true as an equality
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False False PPositive,ositive,
αααααααα errorerror

poorpoor specificityspecificity



HYPOTHESIS TESTING FOR THE MEANHYPOTHESIS TESTING FOR THE MEAN

OneOne--tailed Testtailed Test

OneOne--tailed testtailed test
A hypothesis test in which rejection of the null hypothesis occurs for values of the test A hypothesis test in which rejection of the null hypothesis occurs for values of the test 
statistic in one tail of its sampling distributionstatistic in one tail of its sampling distribution

HH00:: µµ ≤≤ µµ00

HHaa:: µµ >> µµ00

HH00:: µµ ≥≥ µµ00

HHaa:: µµ << µµ00

AA TradeTrade CommissionCommission (TC)(TC) periodicallyperiodically conductsconducts statisticalstatistical studiesstudies designeddesigned toto testtest thethe claimsclaims
thatthat manufacturersmanufacturers makemake aboutabout theirtheir productsproducts.. ForFor example,example, thethe labellabel onon aa largelarge cancan ofof
HilltopHilltop CoffeeCoffee statesstates thatthat thethe cancan containscontains 33 poundspounds ofof coffeecoffee.. TheThe TCTC knowsknows thatthat Hilltop'sHilltop's
productionproduction processprocess cannotcannot placeplace exactlyexactly 33 poundspounds ofof coffeecoffee inin eacheach can,can, eveneven ifif thethe meanmean
fillingfilling weightweight forfor thethe populationpopulation ofof allall canscans filledfilled isis 33 poundspounds perper cancan.. However,However, asas longlong asas thethe
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fillingfilling weightweight forfor thethe populationpopulation ofof allall canscans filledfilled isis 33 poundspounds perper cancan.. However,However, asas longlong asas thethe
populationpopulation meanmean fillingfilling weightweight isis atat leastleast 33 poundspounds perper can,can, thethe rightsrights ofof consumersconsumers willwill bebe
protectedprotected.. Thus,Thus, thethe TCTC interpretsinterprets thethe labellabel informationinformation onon aa largelarge cancan ofof coffeecoffee asas aa claimclaim byby
HilltopHilltop thatthat thethe populationpopulation meanmean fillingfilling weightweight isis atat leastleast 33 poundspounds perper cancan.. WeWe willwill showshow howhow
thethe TCTC cancan checkcheck Hilltop'sHilltop's claimclaim byby conductingconducting aa lowerlower tailtail hypothesishypothesis testtest..

µµ00 == 33 lbmlbm SupposeSuppose samplesample ofof n=n=3636 coffeecoffee canscans isis selectedselected.. FromFrom thethe previousprevious studiesstudies
it’sit’s knownknown thatthat σσ == 00..1818 lbmlbm



HYPOTHESIS TESTING FOR THE MEANHYPOTHESIS TESTING FOR THE MEAN

OneOne--tailed Test: Exampletailed Test: Example

HH00:: µµ ≥≥ 33

µµ00 == 33 lbmlbm

nono actionaction

SupposeSuppose samplesample ofof nn == 3636 coffeecoffee canscans isis selectedselected andand mm == 22..9292 isis observedobserved..
FromFrom thethe previousprevious studiesstudies it’sit’s knownknown thatthat σσ == 00..1818 lbmlbm

HHaa:: µµ << 33 legallegal actionaction

Let’sLet’s saysay:: inin thethe extremeextreme casecase,, whenwhen µµ==33,, wewe wouldwould likelike toto bebe 9999%% suresure thatthat wewe makemake nono
mistakemistake,, whenwhen startingstarting legallegal actionsactions againstagainst HilltopHilltop CoffeeCoffee.. ItIt meansmeans thatthat selectedselected
significancesignificance levellevel isis αα == 00..0101
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OKOKshouldshould bebe testestestes



HYPOTHESIS TESTING FOR THE MEANHYPOTHESIS TESTING FOR THE MEAN

Let’s Try to Understand…Let’s Try to Understand…

Let’sLet’s findfind thethe probabilityprobability ofof observationobservation mm forfor allall possiblepossible µ≥µ≥µ≥µ≥µ≥µ≥µ≥µ≥33.. WeWe startstart fromfrom anan extremeextreme
casecase ((µµ==33)) andand thenthen probeprobe allall possiblepossible µµ>>33.. SeeSee thethe behaviorbehavior ofof thethe smallsmall probabilityprobability areaarea
aroundaround measuredmeasured mm.. WhatWhat youyou willwill getget ifif youyou summarizesummarize itsits areaarea forfor allall possiblepossible µ≥µ≥33 ??
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P(P(mm)) forfor allall possiblepossible µ≥µµ≥µ00 isis equalequal toto PP((xx<<mm)) forfor anan extremeextreme casecase ofof µµ==µµ00



HYPOTHESIS TESTING FOR THE MEANHYPOTHESIS TESTING FOR THE MEAN

Let’s Try to Understand…Let’s Try to Understand…

TheThe probabilityprobability ofof havinghaving µµ ≥≥ 33,,
ifif mm == 22..9292 isis observedobserved
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InIn otherother words,words, redred areaarea characterizescharacterizes thethe probabilityprobability ofof thethe nullnull hypothesishypothesis..

ToTo bebe completelycompletely correct,correct, thethe redred areaarea givesgives usus aa probabilityprobability ofof makingmaking anan
errorerror whenwhen rejectingrejecting thethe nullnull hypothesis,hypothesis, oror thethe pp--valuevalue..



HYPOTHESESHYPOTHESES

σσσσσσσσ is Unknownis Unknown

if if σσσσσσσσ in unknown:in unknown:
σσσσσσσσ → → ss
zz → → ttzz → → tt

 Lower Tail Test Upper Tail Test Two-Tailed Test 

Hypotheses 
00 : µµ ≥H  

0: µµ <aH  

00 : µµ ≤H  

0: µµ >aH  

00 : µµ =H  

0: µµ ≠aH  

Test Statistic 

ns

m
t 0µ−=  

ns

m
t 0µ−=  

ns

m
t 0µ−=  
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Rejection Rule: 

p-Value Approach 

Reject H0 if  

p-value ≤ α 

Reject H0 if  

p-value ≤ α 

Reject H0 if  

p-value ≤ α 

Rejection Rule: 

Critical Value Approach 

Reject H0 if  

t ≤ –tα 

Reject H0 if  

t ≥ tα 

Reject H0 if  

2
αtt −≤  or if  

2
αtt ≥  

 



HYPOTHESESHYPOTHESES

OneOne--tailed Testtailed Test

HH00:: µµ ≥≥ 33

HHaa:: µµ << 33

AssumeAssume thatthat wewe havehave obtainedobtained experimentallyexperimentally m=m=22..9292.. IsIs itit
significant?significant?

Test statisticTest statistic
A statistic whose value helps determine whether A statistic whose value helps determine whether 
a null hypothesis can be rejecteda null hypothesis can be rejected

n
s

m

ns

m
t 00 µµ −=−=

Step 1. Introduce the test statisticsStep 1. Introduce the test statistics

Student’s distribution 
with n-1 degree of 
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with n-1 degree of 
freedom

t-axis
t



HYPOTHESESHYPOTHESES

OneOne--tailed Testtailed Test

Step 2. Calculate pStep 2. Calculate p--value and compare it with value and compare it with αααααααα
pp--valuevalue
A probability, computed using the test statistic, that measures the support (or lack of A probability, computed using the test statistic, that measures the support (or lack of 
support) provided by the sample for the null hypothesis. It is a probability of making support) provided by the sample for the null hypothesis. It is a probability of making support) provided by the sample for the null hypothesis. It is a probability of making support) provided by the sample for the null hypothesis. It is a probability of making 
error of type I error of type I 

p > p > αααααααα ⇒⇒⇒⇒⇒⇒⇒⇒ HH00
p < p < αααααααα ⇒⇒⇒⇒⇒⇒⇒⇒ HHaa

Student’s distribution 
with n-1 degree of 

freedom
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t-axis
t



HYPOTHESESHYPOTHESES

TwoTwo--tailed Testtailed Test

TwoTwo--tailed testtailed test
A hypothesis test in which rejection of the null hypothesis occurs for values of the test statistic A hypothesis test in which rejection of the null hypothesis occurs for values of the test statistic 
in either tail of its sampling distribution. in either tail of its sampling distribution. 

HH00:: µµ == µµ 00

HHaa:: µµ ≠≠ µµ 00

00..9595

Student’s distribution with n-1 degree of freedom
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00..025025 00..025025

αα//22 == αα//22 ==

t



HYPOTHESIS TESTING FOR THE MEANHYPOTHESIS TESTING FOR THE MEAN

One Tail Test vs. Two Tail TestOne Tail Test vs. Two Tail Test

There is a raging controversy (for about the last hundred years) on whether or not it is ever There is a raging controversy (for about the last hundred years) on whether or not it is ever 
appropriate to use a oneappropriate to use a one--tailed test. The rationale is that if you already know the direction of tailed test. The rationale is that if you already know the direction of 
the difference, why bother doing any statistical tests. While it is the difference, why bother doing any statistical tests. While it is generally safest to use a generally safest to use a 
twotwo--tailed teststailed tests , there are situations where a one, there are situations where a one--tailed test seems more appropriate. The tailed test seems more appropriate. The 
bottom line is that bottom line is that it is the choice of the researcherit is the choice of the researcher whether to use onewhether to use one--tailed or twotailed or two--tailed tailed bottom line is that bottom line is that it is the choice of the researcherit is the choice of the researcher whether to use onewhether to use one--tailed or twotailed or two--tailed tailed 
research questions.research questions.

HypothesisHypothesis
testingtesting

Data Data 

A priori  A priori  
information information 

Two TailsTwo Tails

One TailOne Tail
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00

information information 
about about µµ and and µµ00

22××××××××pp--valuevalue (1 tail)(1 tail) = p= p--valuevalue (2 tails)(2 tails)



Unpaired tUnpaired t--testtest
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UNPAIRED tUNPAIRED t--TESTTEST

Independent SamplesIndependent Samples

Independent samples Independent samples 
Samples selected from two populations in such a way that the elements making up one Samples selected from two populations in such a way that the elements making up one 
sample are chosen independently of the elements making up the other sample.sample are chosen independently of the elements making up the other sample.

WeightWeight

HeightHeight
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SmokingSmoking



UNPAIRED tUNPAIRED t--TESTTEST

ExampleExample

mice.xls 
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female significantly different?

Q2: Is weight change for male 
and female significantly different?
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UNPAIRED tUNPAIRED t--TESTTEST

ExampleExample
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HYPOTHESIS ABOUT MEANS OF 2 POPULATIONSHYPOTHESIS ABOUT MEANS OF 2 POPULATIONS

TheoryTheory

HH00:: µµ11 == µµ22

HHaa:: µµ11 ≠≠ µµ22

TwoTwo tailtail hypothesishypothesis

HH00:: µµ11 ≥≥ µµ22

HHaa:: µµ11 << µµ22

OneOne tailtail hypothesishypothesis

HH00:: µµ11 ≤≤ µµ22

HHaa:: µµ11 >> µµ22HHaa:: µµ11 ≠≠ µµ22 HHaa:: µµ11 << µµ22 HHaa:: µµ11 >> µµ22
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HYPOTHESIS ABOUT MEANS OF 2 POPULATIONSHYPOTHESIS ABOUT MEANS OF 2 POPULATIONS

TheoryTheory

AsAs wewe knowknow howhow toto workwork withwith standardstandard hypotheseshypotheses (comparison(comparison withwith
constantconstant µµ00),), letlet usus transformtransform ourour hypothesishypothesis::

HH00:: µµ == µµ00

HHaa:: µµ ≠≠ µµ00

HH :: µµ == µµ HH :: µµ −− µµ == 00HH00:: µµ11 == µµ22

HHaa:: µµ11 ≠≠ µµ22

HH00:: µµ22 −− µµ11 == 00

HHaa:: µµ22 −− µµ11 ≠≠ 00

ToTo useuse it,it, wewe needneed toto knowknow whatwhat isis thethe distributiondistribution ofof DD == mm22 −−−−−−−− mm11

Distribution of sum or difference of 2 normal rando m variablesDistribution of sum or difference of 2 normal rando m variables
The sum/difference of 2 (or more) normal random variables is a normal random variable The sum/difference of 2 (or more) normal random variables is a normal random variable 
with with mean equal to sum/differencemean equal to sum/difference of the means and of the means and variance equal to variance equal to SUMSUM of the of the 
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with with mean equal to sum/differencemean equal to sum/difference of the means and of the means and variance equal to variance equal to SUMSUM of the of the 
variances of the compounds.variances of the compounds.

Variables m1 m2 m2 – m1 
Means µµµµ1 µµµµ2 µµµµ2  – µµµµ1 
Variances σσσσ1

2 σσσσ2
2 σσσσ1

2 + σσσσ2
2 

 



HYPOTHESIS ABOUT MEANS OF 2 POPULATIONSHYPOTHESIS ABOUT MEANS OF 2 POPULATIONS

TheoryTheory

HH00:: µµ22 −− µµ11 == DD00

HHaa:: µµ22 −− µµ11 ≠≠ DD00 22 σσ

120 mmD −=

22 ss

120 µµ −=D

2

2
2

1

2
1

12 nnmm

σσσ +=−
2

2
2

1

2
1

12 n

s

n

s
s mm +=−

StatisticsStatistics toto bebe usedused forfor hypothesishypothesis testingtesting::

ifif σσ isis knownknown:: zz--statisticsstatistics

012 Dmm
z

−−
= 012 Dmm

t
−−

=

ifif σσ isis unknownunknown:: tt--statisticsstatistics

Statistical data analysis in Excel. 3. Testing hypotheses for means 2121

2

2
2

1

2
1

012

nn

Dmm
z

σσ +

−−
=

2

2
2

1

2
1

012

n

s

n

s

Dmm
t

+

−−
=

ThisThis isis whatwhat wewe callcall tt--testtest !!!!!!
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Unpaired tUnpaired t--test: Algorithmtest: Algorithm

HH00:: µµ22 −− µµ11 == DD00

HHaa:: µµ22 −− µµ11 ≠≠ DD00

120 mmD −=

2

2
2

1

2
1

12 n

s

n

s
s mm +=−

UsuallyUsually DD00 == 00

11.. BuildBuild thethe statisticsstatistics toto bebe usedused forfor hypothesishypothesis testingtesting::
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Dmm
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−−
=

tt--distributiondistribution hashas followingfollowing degreesdegrees ofof freedomfreedom::
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( ) ( )
( )4
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2
11

ss

ss
ndf

+
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((nn11++nn22)/)/22 << dfdf << nn11++nn22
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22.. CalculateCalculate thethe pp--valuevalue

= TDIST(ABS(t),df,2)

= TTEST (array1, array2, 2, 3)

☺☺.. OrOr simplysimply dodo::



UNPAIRED tUNPAIRED t--TESTTEST

Practical TaskPractical Task

UsingUsing thethe tt--testtest definedefine whichwhich parameterparameter inin thethe tabletable isis
sexsex--dependentdependent

mice.xls 

= TTEST (array1, array2, 2, 3)

parameter pval female male
Starting age 0.165799 65.90 66.52
Ending age 0.223033 113.91 114.61
Starting weight 5.48E-34 18.91 23.86
Ending weight 8.98E-38 20.62 26.78
Weight change 0.001405 1.09 1.12
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Weight change 0.001405 1.09 1.12
Bleeding time 0.248716 62.34 59.67
Ionized Ca in blood 0.271336 1.23 1.24
Blood pH 0.009593 7.21 7.19
Bone mineral density 2.41E-05 0.05 0.05
Lean tissues weight 4.66E-33 15.32 19.21
Fat weight 2.28E-21 4.85 7.30



Paired tPaired t--testtest
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HYPOTHESIS ABOUT MEANS OF 2 POPULATIONSHYPOTHESIS ABOUT MEANS OF 2 POPULATIONS

Dependent SamplesDependent Samples

Matched samples Matched samples 
Samples in which each data value of one sample is matched with a corresponding data Samples in which each data value of one sample is matched with a corresponding data 
value of the other sample.value of the other sample.

Before treatmentBefore treatment TranscriptomicTranscriptomic
AnalysisAnalysis

After treatmentAfter treatment
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Paired tPaired t--test: Tasktest: Task

bloodpressure.xls 

SystolicSystolic bloodblood pressurepressure (mmHg)(mmHg)

TheThe systolicsystolic bloodblood pressurespressures ofof n=n=1212 womenwomen betweenbetween thethe
agesages ofof 2020 andand 3535 werewere measuredmeasured beforebefore andand afterafter usageusage
ofof aa newlynewly developeddeveloped oraloral contraceptivecontraceptive..

Q: Does the treatment affect the systolic blood pressure?

Unpaired test

• = TTEST (array1, array2, 2, 3)

Paired test

• = TTEST (array1, array2, 2, 1)

Subject BP before BP after
1 122 127
2 126 128
3 132 140
4 120 119
5 142 145
6 130 130
7 142 148
8 137 135
9 128 129

Subject BP before BP after
1 122 127
2 126 128
3 132 140
4 120 119
5 142 145
6 130 130
7 142 148
8 137 135
9 128 129

Q: Does the treatment affect the systolic blood pressure?
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• = TTEST (array1, array2, 2, 1)9 128 129
10 132 137
11 128 128
12 129 133

9 128 129
10 132 137
11 128 128
12 129 133 Test p-value

unpaired 0.414662
paired 0.014506

Test p-value
unpaired 0.414662
paired 0.014506



Hypotheses for 2 ProportionsHypotheses for 2 Proportions
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HYPOTHESIS ABOUT PROPORTIONS OF 2 POPULATIONSHYPOTHESIS ABOUT PROPORTIONS OF 2 POPULATIONS

TheoryTheory

HH00:: ππ11 == ππ22

HHaa:: ππ11 ≠≠ ππ22 2

22

1

11 )1()1(
21 n

pp

n

pp
pp

−
+

−
=−σ

HH00:: ππ11 –– ππ22 == 00

HHaa:: ππ11 –– ππ22 ≠≠ 00

Pooled estimator of Pooled estimator of ππππππππ
An estimator of a population proportion obtained by computing An estimator of a population proportion obtained by computing 
a weighted average of the point estimators obtained from two a weighted average of the point estimators obtained from two 
independent samples.independent samples. 21

2211

nn

pnpn
p

+
+=







+−= 11
)1( ppσ

−= 21 pp
z
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= 2*(1-NORMDIST(ABS(z),0,1,TRUE))
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ExampleExample

−= 21 pp
z +

mice.xls Q: Is the male proportion significantly different in 
these mouse strains (0.47 and 0.65)?

SWR/J MA/MyJ
f f
f f
f f
f f

= 2*(1-NORMDIST(ABS(z),0,1,TRUE))

f f
f f
f f
f f
f m
f m

m m
m m
m m
m m
m m

SWR/J MA/MyJ pooled
count male 9 15 24
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m m
m m
m m
m m
m m

m
m
m
m

count male 9 15 24
n 19 23 42
p 0.474 0.652 0.571
z -1.16
p-val 0.244658997

p-value = 0.24



QUESTIONS ?

Thank you for your Thank you for your 
attention
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to be continued…


